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5.2. Solution. For any x = kaek,y = Zykek € X, Va,b € R, we have
k=1 k=1

[e.e]

ar + by = akaek + bekek = Z(axk + by )ex

k=1 k=1 k=1
and therefore
flax + by) = azxy, + byr, = af(z) + bf (y).
We conclude that f : x — x; is linear for every k € N.
5.9. Solution. For any f € X*, f # 0 we have |f(x)| < ||f]|||z] and hence

x
sup { M e xei 20 <ol
/1]
On the other hand, there exists a bounded linear functional f on X such that
17l =1, f@)=||.
Therefore, ~
|/ (=) . [f (@)l
sup feX' f#0p > ===z
{ il il 1
|f ()] ‘
and consequently sup NN cfeX f#0p =]

5.30. Solution.

(a) It’s clear that ¢ is linear. |0(z)| = |z(0)| < Z |z(t)| = ||z||. Therefore, ¢ is bounded and
0<z<L1

1]} < 1.
Take z(t) = 1 and we have
6(x) =1 < [|8][[|=]] = [Io] == ll4]] = 1.
We conclude that [|d]] = 1.
2n — 2n’t,

0
(b) Take z,(t) = 1

1
" . Then we have 6(x) = x(0) = 2n and
0, 1

]| = /|x b dt = /(2n—2n2t)d 1.

Therefore, |0(x)| = 2n < ||0||||z|| = ||9]] = ||0]| > 2n and thus ¢ is unbounded.



